Using X-ray data, the determination of the cation distribution in crystals becomes problematic as a result of parameter correlations in the structure re®nements. To circumvent the problem, a new re®nement strategy (LOT analysis) was proposed by Kroll et al. [Eur. J. Mineral. (1997), pp. 705±734] and successfully applied to X-ray single-crystal data. The purpose of the study reported here was to determine if the LOT method can also be used in Rietveld re®nements. Model calculations in the form of re®nements on calculated powder diffraction data were carried out to check the conditions required for a successful application of the LOT method. As a further test, the Fe 2+ , Mg 2+ distributions obtained from re®nements on single-crystal and powder data of a natural olivine were compared. Model calculations and re®nements show an improvement in the determination of the site occupancy factors when the LOT strategy is used. Their standard uncertainties are reduced from about '(X) 9 AE0.02 to '(X) = AE0.004 for powder data.
Introduction
The cation distribution over non-equivalent sites in a crystal structure provides information on the growing conditions and growing kinetics of a crystal, but for this purpose, an accurate determination is required (Kroll et al., 1997) . To quantify the distribution, least-squares re®nements on X-ray data from both single crystals and powders are frequently used (Bostro È m, 1987; Princivalle, 1990; Salviulo et al. 1993; Mu È ller-Sommer et al., 1997) . In such cases, the re®nement gives site occupancy factors, which describe the fractions of certain elements on structural sites. Even for re®nements with acceptable ®ts, correlations between the thermal displacement parameters and site occupancy factors can lead to considerable uncertainties. One re®nement may be precise, but the single results from several re®nements can scatter in a larger range than suggested by the estimated standard deviations (see maximum and minimum values in Fig. 1 ). To circumvent this problem, Kroll et al. (1997) proposed a new re®nement strategy based on a bivariate analysis with a stepwise truncation of low-order re¯ection data and a rejection of outliers (LOT analysis). This approach was successfully applied to Xray single-crystal data in the evaluation of the Fe 2+ , Mg 2+ distribution in orthopyroxene (Mg 1.75 Fe 0.2 Ca 0.03 Cr 0.01 -Mn 0.01 Si 2 O 6 ).
Since incorrect site occupancies may lead to incorrect interpretations, it is of interest to solve the problem for re®nements on powder data as well as single-crystal data. Several studies have mentioned correlation problems (Artioli et al., 1994) or highlighted differences between the results of spectroscopic and X-ray measurements (O'Neill, 1992) . Grey et al. (1998) have used the LOT analysis, but could not exploit it completely. The authors used the truncation of low-order data, without, however, including the variation of a constant ratio of the thermal displacement parameters.
The following derivation (Kroll et al., 1997) shows the correlation between the isotropic thermal displacement parameter, B, and the site occupancy factor, X, in the case of the Mg 2+ , Fe 2+ distribution over the two non-equivalent cation sites, M1 and M2, in olivine.
If anomalous dispersion is neglected and under the assumption that the values of the structure amplitudes, |F hkl |, depend only on the isotropic thermal displacement parameter, B M2 , and the occupancy of iron on the M2 site, one ®nds
where jF M2 hkl j is the partial structure amplitude for the M2 site, Áf = f Fe À f Mg is the difference in the atomic scattering factors and s = sin Â/!. For d|F hkl | = 0, it follows that
According to equation (2) and for high sin Â/! values, one needs only small changes in B M2 in order to compensate large changes in X M2 Fe without affecting |F hkl |. This effect increases quadratically with increasing sin Â/!. Such a correlation has consequences for all least-squares re®nements, regardless of using single-crystal or powder data.
Using single-crystal data of an orthopyroxene, Kroll et al. (1997) showed how a bivariate analysis using many re®ne-
ments improves the results compared with a single conventional re®nement.
The aim of the present study was to estimate the value of the LOT strategy in Rietveld re®nements and to test how accurately a cation distribution can be determined with it.
Experimental

Electron microprobe analysis
A single-crystal fragment was prepared in epoxite and then polished and coated with carbon for electron microprobe analysis. A qualitative analysis was ®rst carried out, comparing element-speci®c spectra, where the elements Mg, Fe, Si and O were detected. A PAP matrix correction was applied (Pouchou & Pichoir, 1984) . Quantitative microprobe measurements were carried out under the conditions given in Table 1 , yielding a composition [Mg 1.774(4) Fe 0.234(4) ]SiO 4 .
Single-crystal X-ray diffractometry
For the measurement on the four-circle diffractometer (Bruker AXS P4), a cube with an edge length of 0.5 mm was prepared. This crystal was an adjoining fragment of the one used for microprobe analysis. The cube was then ground to a sphere, making the semi-empirical absorption correction more accurate. The conditions of the measurements are listed in Table 2 . The absorption correction was performed with the program XPREP (Bruker AXS, 1994) based on additional 2 scans.
Powder X-ray diffractometry
Special preparation was necessary to obtain a powder sample with optimal grain size and minimal preferred orientation. As a start, the olivine was ground in an agate mortar for about 20 min. As an emulsion with acetone, the resulting powder was then passed through a nylon sieve (10 mm mesh diameter). A Debye±Scherrer ®lm measurement was used to determine the particle size. The sample was used only after no spots resulting from larger grains were observed. The powder diffraction measurement was carried out on a Bragg±Brentano powder diffractometer using the conditions given in Table 3 .
An average data set was calculated from ®ve single measurements in order to minimize intensity errors caused by variations in the power of the X-ray source and by grain-size effects. It was necessary to prepare the sample on a special holder, which reproduced a constant and small sample displacement error. For this purpose, a section of an oriented quartz single crystal was used, which had a¯at depression to contain the sample. This device guaranteed a correct position in the focussing circle of the diffractometer.
Because Fe 2+ is a minor component in the olivine, thē uorescence scattering from the sample was relatively low. For this reason and to obtain high intensities, no secondary monochromator was used. Furthermore, the averaging of the ®ve data sets improved the counting statistics.
Results
Preliminary refinements
A single re®nement always results in an optimum between a good adjustment of the structure model and a compensation of Correlation between site occupancies and thermal displacement parameters of both cation positions in olivine for re®nements on nine different data subsets (ranges listed in Table 5 ). The resulting values cover a range of ÁB = 0.42 A Ê 2 and ÁX = 0.054. Parameter correlations makes such interactions more complex and there is no possibility to control conventional re®nements in this context. To obtain an impression of such parameter correlations, Rietveld re®nements on nine different subsets of one single measurement were carried out. Each of these re®nements was performed with chemical and site occupancy constraints and reached R wp values of approximately 3.5 to 5.1%. As a result of parameter correlations, each of the re®nements yields different thermal displacement parameters and site occupancies, covering a range of ÁB = 0.42 A Ê 2 and ÁX = 0.054 (see Fig. 1 ). This leads to standard deviations (or uncertainties) of '(X) 9 AE0.02. Here and in the following, ÁX is de®ned by ÁX = X max À X min . In a good ®t, however, the results should not depend on the choice of data; this is a starting point for the following concepts.
Model calculations and refinements on calculated diffraction data
Model calculations were carried out to check the applicability of the LOT analysis in Rietveld re®nements. The computer simulations were performed using re®nements on calculated powder diffractograms with the aim to determine the inherent uncertainties of re®nements on an`ideal' measurement.
The calculated powder diffractograms were based on a structure model of an olivine presented by Motoyama et al. (1989) . The model was modi®ed by using equivalent isotropic thermal displacement parameters, instead of the anisotropic values, for all atoms (Table 4 ). For the calculations and the ensuing re®nements, the program WYRIET3 (Schneider, 1993) was used. To obtain more realistic counting statistics, statistical noise was added to the data (Heuer, 1996) . The differences between the calculated pro®les with and without noise led to R wp values of approximately 4%. The noisy powder patterns represent the quality of measurements as normally achieved in conventional powder diffraction. This means a step size of 0.02 (2Â), a measurement range of 20± 140 (2Â) and a counting statistic that is comparable to that achieved with a step time of 30 s using Cu K radiation. Fluorescence of iron was taken into consideration and an appropriate background was added.
The data were then divided into nine different subsets according to a stepwise truncation of the low-order data. It is useful to divide the data into ranges that do not interfere with re¯ection pro®les and which guarantee equidistant limits in the shells of reciprocal space (sin Â/!). In this way, the ensuing re®nement results can be studied as a function of sin Â/!, whereby each data subset has its own lower (sin Â/!) limit. In Table 5 , the ranges of the different data sets are listed.
The re®nements on the nine data sets were carried out with constraints for the site occupancies and with constant ratios of the isotropic thermal displacement factors, B M1 /B M2 . These constraints guaranteed full site occupation and a ®xed composition (Mg 1.77 Fe 0.23 )SiO 4 :
M. Heuer Site occupancies 273 research papers Table 3 Powder data collection. Hence the cation distribution is expressed by only one variable, e.g. X M1 Fe . In Fig. 2 , the resulting occupancy factors of iron on the M1 site (X M1 Fe ) are plotted against the lower sin Â/! limits of the data sets, representing a bivariate analysis. The occupancies re®ned with the same B M1 /B M2 ratio are ®tted by linear regression. At high sin Â/! values, the results tend to deviate more from the average value. This was observed for all B M1 / B M2 ratios, which were set to arbitrary values in the beginning. It is possible to ®nd the best B M1 /B M2 ratio using the slopes of the single regressions. Each slope can be plotted against the corresponding B M1 /B M2 ratio (Fig. 3) to ®nd the best ratio by a second linear regression when the slope is zero. Then, all re®nements performed with this B M1 /B M2 ratio produce approximately the same occupancy X M1
Fe . An additional 1 2 test, where
(i = data subset number; j = B M1 /B M2 ratio number), can show that these re®nements are mostly signi®cant for the hypothesis that the results should be independent of the choice of data (B M1 /B M2 ratios, 1 2 and degree of freedom, d.f., are given in Table 6 ). In this way, the re®nement results become physically meaningful, the correlation of parameters with the site occupancy is minimized and the best ®t of the X M1 Fe parameter is obtained (see Fig. 2 ).
To ®nd a value for X M1 Fe , the weighted mean of the last set of re®nements (with best B M1 /B M2 ) is used. Here the standard uncertainties, or estimated standard deviations (e.s.d.'s), provide a weighting scheme, where
The estimated standard deviations were corrected with a formalism of Be Â rar & Lelann (1991), which considers local parameter correlations to obtain a more realistic estimation of the uncertainties than the usual e.s.d.'s provide.
Using the LOT method, the input value of X M1 Fe = 0.12 was reproduced with X M1 Fe = 0.121 (1), indicating a much better reliability than in conventional single re®nements.
Rietveld refinements
Having checked the conditions for a successful application of the LOT strategy by model calculations, an experimental veri®cation should be carried out. Hence a comparison between results obtained from single-crystal and powder data of the same olivine, from Sauterre in France, was made. Slope of the regression
Figure 3
Determination of the best B M1 /B M2 ratio by regression of the slopes of the linear ®ts in Fig. 2 . The best ratio (B M1 /B M2 9 1.00) is found for the vanishing slope. The particle shape of the powder sample was investigated by scanning electron microscopy, showing plate-like grains, indicating the possibility of texture effects. This assumption was con®rmed by measurements on a texture goniometer. Therefore, a series of tests were performed to determine which model of preferred orientation gives the best correction for the experimentally measured plate texture. Preferred (010) and (001) orientations were con®rmed and a March±Dollase function was applied.
In the ®rst step, a conventional re®nement was carried out using the full data set and the structure model of Motoyama et al. (1989) . Re®nements converged at an R p value of 3.0%, an R wp value of 3.5% and an R Bragg value of 5.5%. Constraints on chemistry and site occupancy were based on the results of the microprobe analysis. To account for the in¯uence of anomalous scattering, the scattering curves of each element were corrected by f H and Áf HH during the re®nements. The largest correlations were between the coef®cients of the polynomial background, the FWHM parameters u, v and w, the lattice parameters and the zero shift, as well as the scale factor and the isotropic thermal displacement parameters (46±70%). To ®t the pro®les, a pseudo-Voigt function was used. The results of the re®nement are listed in Table 7 . Fig. 4 shows the measured and the calculated data points, along with the differences between them.
In a second step, LOT re®nements were carried out on the nine different subdata sets with the ranges listed in Table 5 . The same chemical and site occupancy constraints as in the conventional re®nement were used. An additional constraint provided a constant ratio of the isotropic thermal displacement factors B M1 and B M2 , i.e. B M1 /B M2 = 0.78, 1.02 and 1.47. In Fig. 5 , the X M1 Fe parameters are plotted against the lower sin Â/! limits of the respective ranges. Despite random errors, the best B M1 /B M2 ratio found was 1.02. The corresponding 1 2 was 0.001, which is lower than that of 0.006 for B M1 /B M2 = 1.47 and that of 0.003 for B M1 /B M2 = 0.78 (d.f. = 8 for each group). The subsequent re®nements based on this ratio gave occupancies for iron on M1 that were constant within the range of the e.s.d.'s and therefore independent of the choice of data used. The weighted mean hX M1 Fe i was 0.1167 (40). In this case, the square root of the population variance,
is the most realistic error. Hence, this standard deviation is used instead of the average of the e.s.d. from the individual re®nement cycles. The results are given in Table 8 .
Refinements on single-crystal data
To assess the quality of the results of the LOT powder re®nements, single-crystal data re®nements were carried out. The successful application of the LOT method on singlecrystal data of an orthopyroxene (Kroll et al., 1997) should provide a good guideline.
A conventional re®nement based on the whole data set was performed ®rst, as in the Rietveld re®nements. The program PROMETHEUS (Zucker et al., 1983) was used, which provides the option of chemical and site occupancy constraints. The results of the microprobe analysis could be taken into consideration using such constraints. A weighting scheme with individual weights, w i = 1/' 2 i (|F hkl |), was applied. R values of about 3.5%, which correspond to the internal R value of the data, as well as a goodness of ®t, S, of nearly 1 con®rm a good statistical signi®cance of the resulting para- (010) 0.792 (2) Preferred orientation in (001) 0.893 (2) R wp 3.8% R exp 3.4% R p 3.0% Goodness of ®t, S 1.12 Weighted Durbin±Watson statistic 1.05 meters. The maximum difference electron densities do not exceed 1.04 e A Ê À3 ; such values were found between silicon and oxygen. Hence it is possible to regard these densities as bond electrons. Secondary extinction was corrected by the Zachariasen formalism (Coppens & Hamilton, 1970 ) with an isotropic model, depending only on the mosaic spread. The highest individual attenuation of a re¯ection caused by extinction was about 20%, but it was negligible for most intensities and all data collected at sin Â/ ! ! 0.4 A Ê À1 . Extinction problems and inaccurate corrections for absorption cause inaccurate re®nements of site occupancies. In the present case, olivine, a material with low X-ray absorption and moderate extinction was investigated. Therefore, an accurate re®nement of the site occupancies should be possible. The largest parameter correlations in the conventional re®nement could be found between the scale factor and the extinction parameter (70%). The correlation between the thermal displacement parameters and the site occupancy factor was not higher than 30±35%.
The results in Table 9 were used as a starting model for the LOT re®nements. In the case of single-crystal re®nements, two different criteria for the rejection of data are important. The ®rst is the subdivision of the reciprocal space into shells of sin Â/!, which was applied to regions with lower limits of 0, 0.3, 0.4, 0.5 and 0.6 A Ê À1 and with a common upper limit of 1.15 A Ê À1 . The other criterion is based on the rejection of outliers, i.e. for all re¯ections with ÁF/' greater than 20, 10, 5 and 3. In a conventional single re®nement, such rejections could be regarded as a manipulation of data, but because the LOT method is a type of a variance analysis, where all re®nements are evaluated in one context, it is possible to discriminate between and reject different types of data. One can control how the rejections affect the results of the re®nements. The aim is to ®nd a model which is independent of the choice of data. This difference has to be taken into consideration while discussing the results.
The LOTre®nements on the single-crystal data were carried out using the same constraints as described before for the conventional re®nements. Again, an additional constraint ®xed the ratio of the isotropic thermal displacement parameters B M1 and B M2 . Table 10 contains the results for the X M1 Fe parameters, plotted in Fig. 6 , as well as the R values and the number of re¯ections in the remaining data.
For B M1 /B M2 = 0.98, it was possible to re®ne constant site occupancies with small errors for all subdivisions of the data. The 1 2 test resulted in a high signi®cance for these re®nements (1 2 = 0.0001, where 1 2 = 0.0045 for B M1 /B M2 = 1.21 and 1 2 = 0.0097 for B M1 /B M2 = 0.81; d.f. = 19 for each group). The weighted average of X M1 Fe was 0.1155 (8), where w i = 1/e.s.d. 2 i was the weighting scheme. The calculations based on other B M1 /B M2 ratios caused deviations that became larger at higher sin Â/! values. According to the ÁF/' rejection criterion, four results are plotted for each single sin Â/! value. Using the LOT strategy, the uncertainty of the site occupancy determination h'i = 0.0008 is very low and is comparable to that given by Kroll et al. (1997) for their re®nements on orthopyroxene (h'i = 0.0007). research papers 0.00937 (9) 0.01074 (9) 0.00757 (7) 0.0079 (1) 0.0098 (1) 0.0098 (1) U 22 (A Ê 2 ) 0.0123 (1) 0.00982 (5) 0.00966 (5) 0.0121 (2) 0.0093 (1) 0.0122 (1) U 33 (A Ê 2 ) 0.00944 (9) 0.01015 (9) 0.00895 (7) 0.0102 (2) 0.0109 (2) 0.0101 (1) U 12 (A Ê 2 ) 0 0.00025 (5) 0.00000 (5) 0.0002 (1) 0.0000 (1) À0.0001 (1)
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Discussion
Good agreement of the X M1 Fe values can be observed when comparing the results of the two different LOT methods (i.e. Rietveld analysis versus the single-crystal re®nements). The site occupancy parameters listed in Table 11 exhibit a difference of only 0.0012, which is less than the given standard deviation of the determination. Furthermore, good agreement was established between both methods for the ratio of the thermal displacement parameters, and nearly the same displacement parameters could be found for the M1 and the M2 site.
In standard whole-data-set re®nements, deviations of the occupancy parameters can be much larger than the calculated standard deviations and there is no possibility to control this. Such deviations are the result of parameter correlations. The situation is made worse by errors arising from e.g. large extinction effects and inaccurate corrections of the absorption, which are dominant in low-order data. Furthermore, the ®tting of low-order data is affected by errors of the assumed valence states of the atoms and by effects of bonding electron densities. Such inaccurate re®nements need not result in bad R values.
The LOT method applied to Rietveld analysis and structure re®nements on single-crystal data provides better accuracy because the statistics include all re®nements. Using the LOT method, a model can be determined that does not depend on the choice of data. In addition to the estimated standard deviation produced by the re®nement, a standard deviation can be calculated using the scatter of the single results of the LOT re®nements and the corresponding average, which gives a more realistic error. In contrast to a single conventional re®nement, the LOT strategy enables a better evaluation of the quality and stability of the convergence.
The different re®nements in this work show that the LOT algorithm can be successfully applied in Rietveld analysis. As expected, the uncertainties of the site occupancy determination are higher than in comparable re®nements on singlecrystal data, but in relation to single conventional Rietveld re®nements, the errors are reduced from '(X) 9 AE0.02 to '(X) = AE0.004. The accuracy is of the same order as the results obtained from extensive computer simulations and thus the model calculations give a realistic error estimation.
The application of the LOT strategy in Rietveld analysis requires a large expenditure in preparation and measurement to avoid grain size and preferred orientation effects and to obtain diffraction data with a suf®cient resolution and optimal counting statistics. Furthermore, the chemical composition of the investigated material should be determined by additional measurements, such as electron microprobe analysis, to obtain reliable values for the chemical constraints.
Finally, a successful application of the LOT method is not always possible and one cannot consider it to be a routine procedure.
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Figure 6
Site occupancies from the LOT method in re®nements on single-crystal data of the olivine [Mg 1.774(4) Fe 0.234(4) ]SiO 4 . With a B ratio of B M1 /B M2 = 0.98, occupancy factors can be re®ned which are invariant against the truncation of data. For the other B ratios, deviations from the average increase quadratically with increasing sin Â/!.
